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A domain-decomposition (DD) method is developed for parallel computation of time-harmonic aerodynamic–

aeroacoustic problems. The computational domain is decomposed into subdomains, and the aerodynamic–

aeroacoustic boundary-valueproblem is solved independently for each subdomain. Impedance-type transmission
conditions are imposed on the arti� cially introduced subdomain boundaries to ensure the uniqueness of the solu-
tion. A Dirichlet-to-Neumann map is used as a nonre� ecting radiation condition along the outer computational
boundary. Subdomain problems are then solved using the � nite element method, and an iterative scheme updates
the transmission conditions to recover the global solution. The present algorithm is implemented for two model
problems. First, the sound radiated from a surface simulating a two-dimensional monopole is calculated using an
unstructured mesh. Second, the � ow about a thin airfoil in a transverse gust is computed using a structured mesh.
The accuracy of the numerical scheme is validated by comparison with existing solutions for both the near-� eld
unsteady pressure and the far-� eld radiated sound. The convergence and the computational time and memory
requirements of the present method are studied. It is shown that by combining the subdomain direct solvers with
global iterations this DD method signi� cantly reduces both the computational time and memory requirements.

I. Introduction

A CCURATE computation of aeroacoustics phenomena must
preserve the wave form with minimum dispersion and dis-

sipation. This requires a large number of grid points per wave-
length throughout the computational domain. As a result, for time-
harmonic waves the discrete form of the corresponding elliptic
boundary-value problem usually leads to a very large system of
equations.

There are two types of solvers for large system of equations,
direct solvers and iterative solvers. Direct solvers are robust, but
for aeroacoustic applications their memory and CPU time require-
ments limit their use in three-dimensional and/or high-frequency
computations. Iterative solvers, on the other hand, have less mem-
ory requirements;however, their convergencerate stronglydepends
on the wave number, and in some instances they may not converge
at all.

This paper presents a method for solving time-harmonic aero-
dynamic and aeroacoustic problems using domain decomposition
(DD). The method has been developed for the exterior Helmholtz
problem by Susan-Resiga and Atassi.1 The computational domain
is divided into subdomains, and the boundary-valueproblem is for-
mulated and solved independentlyfor each subdomain.On the arti-
� cially introduced subdomain boundaries, transmission conditions
that ensure the uniquenessof the solution are imposed. An iterative
schemeupdates the transmissionconditionsafter every iterationun-
til the global solution is recovered.Thus, the problem can be solved
concurrently in all subdomainson parallel computers.The main ad-
vantage of the present method is to reduce memory requirements
for solving large systems of linear equations.Moreover, with paral-
lel computing the computational time is also signi� cantly reduced.
The method thus providesan ef� cient and robust scheme for solving
large systems of linear algebraic equations.

In the presentpaper theDD method is implementedfor two model
problems. First, sound radiated from a surface simulating a two-
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dimensionalmonopole is calculatedusing the � nite elementmethod
on unstructured mesh. This model problem is an extension to that
developed in Ref. 1 for a structured mesh. A nonoverlappingmesh
partitioning is used to build an overlappingdomain decomposition.
The algorithm also de� nes the new subdomain boundaries, other
than the original boundaries of the global computational domain,
on which transmission conditions are imposed.

Second,theunsteady� owabouta thinairfoil in a transversegust is
computed to determine both the near-� eld unsteady pressure along
the airfoil surface and the far-� eld radiated sound. The problem
is formulated in terms of the unsteady linearized Euler equations,
with the unsteady pressure as the unknown variable. This has the
advantage of avoiding the velocity discontinuity in the wake and
leads to a simple formulationfor the radiationconditionon the outer
computationalboundary. It also tests the accuracyof the presentDD
method for treating singularities such as the airfoil leading-edge
singularity.

The present method uses an exact nonre� ecting radiation con-
dition based on a Dirichlet-to-Neumann map. The support of the
kernel of the map is truncated to enhance the ef� ciency of the com-
putations. The � nite element (FE) method is used to discretize the
boundary-valueproblemin each case.The � ux associatedwith each
subdomain interface node is used for implementing the transmis-
sion conditions. The accuracy of the numerical scheme has been
validated by comparison with the exact analytical solution for the
monopole problem and with the results of Atassi et al.2 for both
the near-� eld unsteady pressure along the airfoil surface and the
far-� eld acoustic pressure.

Finally, the performance of the DD method is examined. The
dependenceof theconvergencerateon thedomainoverlapandon the
problem parameters (the Mach number and the reduced frequency)
is investigated. The bene� ts of using DD for computational time
and memory requirementsare compared with a direct solver for the
whole computational domain. It is also shown that, because of the
limited communication between subdomains, the DD algorithm is
particularly suitable for parallel computing.

II. Formulation
The Helmholtz equation is the basic equation for time-harmonic

waves. It also represents, through a transformation, the linearized
Euler equations about a uniform mean � ow.3 We therefore consider
the Helmholtz equation for the development and application of our
DD approach.

Let us consideran in� nitedomain exteriorto an innerboundary0,
as shown in Fig. 1a. The outward unit vector normal to 0 is denoted
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a) Unbounded domain for exterior problems

b) Truncated computational domain

c) Decomposition of the computational domain

Fig. 1 Domain-based approach for exterior problems.

by n. For harmonic– time dependenceof the form u.x/ exp.i!t/, the
wave equation reduces to the Helmholtz equation

r2u C k2u D 0 outside 0 (1)

The boundary conditions for exterior problems are de� ned by

u D f on 0D (2)

@u

@n
D g on 0N (3)

lim
r ! 1

r .d ¡ 1/=2

³
@u

@r
C iku

´
D 0 (4)

wherek is thewavenumber,0D [ 0N D 0, 0D \ 0N D ®, i D
p

¡1,
r is the distancemeasuredfrom one point (origin) at a � nite distance
from 0, and d D 2 or 3 is the space dimension. The Sommerfeld
radiation condition (4) expresses the causality principle and thus
allows only solutions with outgoing waves at in� nity.

There are two main approaches to solve numerically the
boundary-value problem (1–4). First, one can de� ne an equiva-
lent problem using an integral equation formulation on the physical
boundary0 and solveit using the boundaryelementmethod (BEM).
Second, one can introduce a computational outer boundary B and
solve the problem in the bounded domain Ä (Fig. 1b). The � nite el-
ement method (FEM) can be used to discretize the boundary-value
problem in the second case.4 Nonre� ecting conditions must be in-
troducedalongB, whichessentiallybring the Sommerfeldcondition
(4) from in� nity to a � nite distance.

Let us brie� y examine the memory requirements for the dis-
cretized problems obtained in the two approaches. To this end, we
considera two-dimensionalcomputationaldomain (Fig. 2) bounded
by an ellipse 0 and a circle B. If the inner boundary is discretized
with 200 points, the BEM leads to a system of 200 equationswith a
dense matrix having 40,000 entries. On the other hand, a FEM dis-
cretizationwith quadratic triangular elements and the same number

Fig. 2 Model problem: radi-
ating monopole.

of points on the ellipse leads to a system of 3371 equations, hav-
ing a sparse matrix with 41,649 nonzero entries. One can conclude
that both the boundary-integral and the domain-based approaches
have practically the same memory requirements, provided that the
outer boundary B is close enough to 0. Harari and Hughes5 studied
and compared the cost of obtaining solutions to problems governed
by the Helmholtz equation in both interior and exterior domains by
means ofBEM and FEM. They found that, despite the fact thatBEM
needs less equations to discretize the same physical problem, FEM
often leads to an overall computational advantage for both interior
and exterior problems.Also, in the context of iterative solvers [e.g.,
generalizedminimum residual (GMRES)] applicable to large-scale
problems,BEM has been found to be more economical in the lower
partof theproblem-sizerangeandFEM in thehigherendof thescale.

For structured meshes this argument can be easily made for
both two- and three-dimensional geometries. Let us consider a
two-dimensional problem, with Nt points on 0, Nn points in a
direction normal to 0, and a nine-point stencil (corresponding to
quasi-linear elements). In this case BEM leads to a matrix with
N 2

t entries, whereas FEM generates a sparse matrix with 9Nt Nn

nonzeros. Both methods require the same amount of memory pro-
vided that Nt ¼ 9Nn , which can be considered the usual situation,
as shown in the preceding example on unstructured mesh. For a
three-dimensional problem an equivalent discretization on 0 will
have approximative N 2

t points, leading to N 4
t nonzeros for BEM.

On the other hand, for a 27-point stencil FEM will generate a ma-
trix with 27N 2

t Nn entries. If N 2
t ¼ 27Nn , we will have practically

the same memory requirements to store the system matrix, but in
general FEM can be more advantageous than BEM. The preceding
argument leads to the conclusionthat the domain-basedapproach is
usuallymore attractive than the boundary-integralmethods in terms
of memory requirements.

In addition, it will be shown that the present DD approach leads
to a set of smaller independent boundary-value problems, which
can be solved with more accuracy and less CPU time and memory
requirement.

The radiation condition (4) must be replaced by a nonre� ecting
conditionon the outer boundaryB. For example, the conventional� -
niteelement solutioncan bematched to an in� niteelementrepresen-
tation outside B.6 Another example is the wave envelope approach,
developed by Astley and Eversman,7 which uses the geometrical
ray theory (applicable in the high-frequency limit) to estimate the
local behavior of the acoustic � eld. Although this local plane wave
behavior does not describe the solution completely, it provides a
basis for a local approximation,which is then used as part of the full
numerical solution. Both methods employ special FEs to represent
the far � eld.

In the present paper we use a conventional � nite element tech-
nique with the following condition along B. If B is chosen to be
a circle (in two dimensions) or a sphere (in three dimensions), an
exact relationbetween the function and its normal derivative,called
a Dirichlet-to-Neumann(DtN) map, can be derived8:

@u

@n
D Mu on B (5)

This condition will replace Eq. (4) for the boundary-valueproblem
in Ä.
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In two dimensions the DtN map is

Mu.R; µ / D
k

¼

10X

n D 0

H .2/
n

0
.k R/

H .2/
n .k R/

Z 2¼

0

cosn.µ ¡ µ 0/u.R; µ 0/ dµ 0

(6)

where R is the circle radius, H .2/
n is the Hankel function of the

second kind, and the prime on the sum indicates that the � rst term
is halved. In practice, the sum is truncated to a � nite number of
terms N . Harari and Hughes9 have shown that in order to guarantee
the uniquenessof the solution N ¸ k R. An alternativeapproach has
been proposed by Grote and Keller,10 which keeps the exact DtN
for the � rst N modes (where N can be smaller than kR) while
using the Sommerfeld condition for the higher-order modes. It is
computationally advantageous to reduce the integration interval in
Eq. (6) from [µ ¡ ¼; µ C ¼ ] to a smaller interval centered around µ
as in Refs. 11 and 12.

III. Domain Decomposition Method
Figure 1c shows the decompositionof the computationaldomain

into several nonoverlapping subdomains. For each subdomain Äi

we de� ne a boundary-valueproblem at iteration m:

r2um
i C k2um

i D 0 in Äi (7)

um
i D f on 0i \ 0D (8)

@um
i

@ni
D g on 0i \ 0N (9)

@um
i

@ni
C ikum

i D Mum ¡ 1 C ikum ¡ 1
i on Bi (10)

@um
i

@ni
C ikum

i D
@um ¡ 1

j

@n i
C ikum ¡ 1

j on 6i (11)

where 6i are the subdomain interfaces. Because impedance-like
conditions (@um

i =@ni C ikum
i ) are used on the subdomain bound-

aries other than the physical boundary 0, the subdomain solution is
unique.

As shown in Fig. 1c, a subdomainÄi may have only a segment Bi

of the outer boundary B, and as a result the nonlocal condition (6)
cannot be used for the subdomain problem. We avoid this dif� culty
by introducingthe condition(10) on the outer boundarysegmentBi ,
where theDtN map is appliedon the valuesat the precedingiteration
um ¡ 1 . We will refer to this approach as explicit implementation of
the nonre� ecting condition (6).

In the transmission condition (11) um ¡ 1
j denotes the solution in

subdomainsÄ j adjacent to Äi at the iterationm ¡ 1. To evaluate the
right-hand-side in Eq. (11), one has to compute the normal deriva-
tive @um ¡ 1

j =@ni . This can be avoided when employing a nonover-
lapping scheme as shown in Ref. 1. When an overlapping scheme
is employed, the boundary operator @=@n C ik is assumed to be al-
ready implemented for the left-hand-side of Eq. (11). As a result,
updating the right-hand side in Eq. (11) implies only the evaluation
of the boundary operator with the values from the adjacent subdo-
main Ä j at the iteration m ¡ 1, i.e., um ¡ 1

j . For the � rst iteration we
choose .@u=@n C iku/0

i D 0 on 6i and Bi .
Després13 has proved the convergence of the iterative scheme

with Sommerfeld conditions on the outer boundary. We have ex-
tended this proof for exterior problems, when the DtN map is used
on B.1 Because of the explicit implementationof the nonlocal DtN,
the subdomain problems are independent and can be solved con-
currently, one problem per processor, on a parallel computer.11;12

Communication between processors is required only for updating
the right-hand side in Eqs. (10) and (11).

IV. FE Implementation of the Overlapping Domain
Decomposition Scheme

To discretize the subdomain problems using FEM, we � rst for-
mulate them in the variationalform. With H 1.Ä/ the usual Sobolev

space, we have to � nd um
i 2 H 1.Ä/, um

i satisfyingEq. (8), such that
for any weighting function w 2 H 1.Ä/, with w D 0 on 0i \ 0D ,
Z

Äi

¡
rw ¢ rum

i ¡ k2wum
i

¢
dÄ C ik

Z

Bi [ 6i

wum
i d0

¡
Z

0i \ 0N

wg d0 ¡
Z

Bi

w
¡
Mum ¡ 1 C ikum¡1

i

¢
d0

¡
Z

6i

w

³
@um ¡ 1

j

@n i
C ikum ¡ 1

j

´
d0 D 0 (12)

The � nite element approach employs piecewise polynomials 8 to
approximate the solution as u.x; y/ D

P
l
ul 8l .x; y/. The support

of a basis function 8l includes only the elements adjacent to the
node l. For the Galerkin method the same functions 8 are used
as weighting functions. Because of the localized support of the 8
functions, for an interface node q the variational formulation (12)
reduces to

X

l

¡
um

i

¢
l

Z

Äi

¡
r8q ¢ r8l ¡ k28q 8l

¢
dÄ C ik

X

l

¡
um

i

¢

£
Z

6i

8q8l d0 D
Z

6i

8q

³
@um¡1

j

@ni
C ikum ¡ 1

j

´
d0 (13)

where .um
i /l are the nodal values for um

i , correspondingto the nodes
l adjacent to (and including) the node q .

The important idea employedin the presentimplementationof the
overlappingDD is thatwhen updatingthe right-handside in Eq. (13)
for the iteration m C 1 one does not need to compute @um ¡ 1

j =@n i .
This is particularly important when the interface 6i has a “saw-
tooth” aspect, as often is the case when partitioning unstructured
meshes. The new right-hand-side value is evaluated by using the
expression in the left-hand side of Eq. (13) with .um

i /l replaced by
.um

j /l . This is the only operationthat requirescommunicationamong
processors when a parallel computation is used. Finding the new
right-hand-sideentry corresponding to the interface node q simply
requires the multiplicationof the q th row of the system matrix with
the solutionvector after swapping the overlapnodal values between
adjacent subdomains.

V. Radiating Monopole
The DD algorithm, implemented as shown in the preceding sec-

tion, is applied to the model problem in Fig. 2. We de� ne the inner
boundary 0 as an ellipse of semi-axes a D 2 and b D 1. On 0 Neu-
mannconditionsare imposed,correspondingto a radiatedmonopole
located at .¡c; 0/ with c D

p
.a2 ¡ b2/. The outer boundary is a cir-

cle of radius R D 3, on which the DtN map is used as a nonre� ecting
condition. The following numerical results correspond to k D ¼ .

The computational domain in Fig. 2 is discretized using an un-
structured triangular mesh.14 Then, a nonoverlapping node parti-
tioning is performed.15 Finally, for each subdomain additional inte-
rior, boundary, and transmissionnodes are identi� ed such that each
node in the original partition will have a complete adjacency list.
In doing so, a one-element-row overlap is built, and the new sub-
domain boundaries (interfaces) are de� ned. Figure 3 shows a four
subdomains decomposition for the unstructured triangulation.

The solution accuracy is assessed using the relative error
junum ¡ uan j=juan j between thenumericalresultsunum and the analyt-
ical solution uan. Figure 4a shows that when using the Sommerfeld
radiation condition on B spurious re� ections are obtained leading
to relative errors up to 30%. When using the DtN map, the errors
do not exceed 0.5%, as shown in Fig. 4b. Using the exact radiation
condition would have given less than 0.1% discretizationerror.

The algorithm performance is evaluated in terms of the con-
vergence rate and memory requirements. To quantify the con-
vergence rate, we de� ne the residual norm at the iteration m asP

s jjAx
s fusgm ¡ 1

swap ¡ fbx
s gjj, where Ax

s denotes the rows of the subdo-
main matrix As , correspondingto the exclusive nodes, and the sum
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is performed over all subdomains.The exclusivenodes are the ones
assigned to the subdomainby the nonoverlappingnode partitioning.
Neither Ax

s nor bx
s are modi� ed during the iterations. Each subdo-

main problem is solved using a lower–upper (LU) factorization,
which is performed only once (because the subdomain matrix is
unchanged during the iterations). The residual decay is presented
in Fig. 5. The � nal level of the residual for the iterative scheme is
less than the residual value, which corresponds to the global direct
solver. This is because we employ a direct solver for the smaller
subdomain problems, leading to a smaller subdomain residual.The
convergence rate slightly decreases as the number of subdomains
increases.The last column in Table 1 shows the numberof iterations
required to reach the same residual level as the global direct solver.
As the number of subdomains increases, the subdomain problem
size decreases, making each iteration cheaper.

The memory requirementsare quanti� ed by the numberof nonze-
ros to be stored for the subdomain matrices and their LU factoriza-
tion. It can be seen from Table 1 that the total amount of mem-
ory decreases as the number of subdomains increases. Moreover,
when solving the subdomain problems on a parallel computer the
required processor memory is signi� cantly smaller than the direct
solver memory divided by the number of processors.

VI. Thin Airfoil in a Transverse Gust
The governing equations for linear unsteady aerodynamics and

aeroacousticsare the linearizedEuler equations.The � ow variables,
velocityV, pressure p, density½ , and entropys, are consideredto be
the sumof theirmeanvaluesU, p0, ½0, and s0 , and theirperturbations
u, p0, ½ 0, and s 0, respectively.For a uniformmean � ow� eld U D i1U0,
the linearized Euler equations reduce to

Fig. 3 Model problem: subdomain overlapping unstructured meshes.

D0½
0

Dt
C ½0r ¢ u D 0 (14)

½0
D0u
Dt

D ¡r p0 (15)

D0s 0

Dt
D 0 (16)

where D0=Dt D @=@ t C U0@=@x1 is the material derivative associ-
ated with the mean � ow.

Consider a thin airfoil at zero angle of attack in the preceding
mean � ow. According to the velocity splitting theorem (Refs. 3 and
16, p. 220), the velocity perturbation can be written as the sum

Table 1 Model problem: In� uence of the number
of subdomains on memory requirements and number

of iterations required to reach the residual
of the global direct solver

Nonzeros per
Number Total subdomain Number
of subdomains nonzeros (average) of iterations

1 1,011,562 1,011,562
2 715,269 357,634 29
3 667,360 222,453 33
4 635,392 158,848 33
5 591,412 118,282 36
6 579,411 96,568 34
7 557,235 79,605 41
8 520,950 65,118 48
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a) Sommerfeld condition on BB (errors up to 30%)

b) DtN map on BB (errors less than 0.5%)

Fig. 4 Model problem: in� uence of the outer boundary condition on
the relative error.

Fig. 5 Model problem: in� uence of the number of subdomains on the
convergence rate.

u.x; t/ D uv.x; t/ C ua.x; t/ (17)

of a vortical component uv and an irrotational component ua . Here
we assume no upstream incident acoustic waves. The vortical com-
ponent will be divergence free r ¢ uv D 0, and it will be purely
convected by the mean � ow D0uv=Dt D 0. Without loss of general-
ity, we consider a harmonic upstream vortical disturbance (gust) of
the form

uv D i2a2 exp[i.!t ¡ k1x1/] (18)

where i2 is the unit vector perpendicular to the airfoil, a2 ¿ U0 is
the gust amplitude, ! is the gust angular frequency, and k1 D !=U0

is the wave number.

Fig. 6 Thin airfoil in a transverse gust: computational domain and
boundary conditions in the Prandtl–Glauert space.

The interaction between the gust and the airfoil will produce a
potential � eld ua governed by Eqs. (14) and (15). If we introduce
the velocity potential Á, de� ned by ua D rÁ, we get

p0 D ¡½0
DÁ

Dt
(19)

and the convective wave equation
³

D2
0

Dt2
¡ c2

0r2

´ »
p0

Á

¼
D 0 (20)

where c0 is the mean-� ow speed of sound. We nondimensionalize
length with respect to half-chordc=2, and we introduce the reduced
frequency k1 D .!c/=.2U0/. We then factor out the time depen-
dence p0.x; t/ D Np0.x/ exp.i!t/ and Á.x; t/ D NÁ.x/ exp.i!t/ and in-
troduce the Prandtl–Glauert coordinates and the transformation

Qx1 D x1; Qx2 D x2

p
1 ¡ M 2

»
Qp0

QÁ

¼
D

»
Np0

NÁ

¼
exp.¡i K1 Mx1/

with K1 D k1
M

1 ¡ M 2
; M D U0=c0 (21)

Equation (20) then reduces to the Helmholtz equation3

¡ Qr2 C K 2
1

¢ »
Qp0

QÁ

¼
D 0 (22)

Scott and Atassi17;18 have solved this problem using QÁ, which is
discontinuous across the wake. In this paper as in our preliminary
results,19 we have chosen to solve the problem using the pressure
perturbation. To this end, we introduce the dimensionless variable
P D Qp0=.½0U0a2/. Because the pressure � eld is antisymmetric with
respectto Qx2 , wehavechosenas acomputationaldomaina half-circle
in the upper-half-plane.Figure 6 shows the computational domain
and the boundary conditions in the Prandtl–Glauert plane. On the
plate the normal velocityvanishes;therefore,we havehomogeneous
Neumannconditionsfor the pressure@ P=@n D 0. On the Qx1 axis up-
stream the leadingedge (LE) and downstreamthe trailingedge (TE)
we have homogeneous Dirichlet conditions P D 0. Finally, on the
outer boundaryB we impose the nonre� ecting boundary conditions
(5).

So far, the stated boundary conditions for P are homogeneous.
However, at the LE the pressurehas a square-rootsingularitywhose
strength is unknown yet. We impose a unit strength singularity at
the LE (as shown next) and � nd a unit solution P .1/ . The solution
of the problem is thus de� ned up to a multiplicative constant, i.e.,
P D C P .1/.

A. Determination of the Multiplicative Constant
The constant C is found by integrating the momentum equation

for the acousticvelocity (ua D i1ua C i2va ) componentnormal to the
plateva along the stagnationstreamline from far upstreamto the LE.
This momentum equation can be written as

@

@x1
[va exp.ik1x1/] D ¡ 1

½0U0

@ Np0

@x2
exp.ik1x1/ (23)
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Fig. 7 LE singularity.

Noting thatva exp.ik1x1/jx1 ! ¡1 D0 andva exp.ik1x1/jx1.L E / D ¡1 D
¡a2 , integration of Eq. (23) yields

1 D C

Z ¡1

¡R

p
1 ¡ M2

@ P .1/

@ Qx2
exp

µ
i

³
K1

M

´
Qx1

¶
d Qx1 (24)

The error caused by the truncation of the integration domain from
.¡1; ¡1] to [¡R; ¡1] is O.R¡3=2/.

Because of the singular behavior of P near the LE, the local � ux
Fg is used in evaluating Eq. (24), with smaller elements near LE,

1 D C
p

1 ¡ M2
X

g

Fg exp

µ
i

³
K1

M

´
Qx1g

¶
(25)

where g denotes the index of the nodes on the integration line.

B. Numerical Approximation for the LE Singularity
We assume a piecewise linear interpolation for P along the x1

axis. Figure 7 shows the analytical behavior (solid curve) of the
pressure on the plate near the LE and its numerical approximation
(dot line).

We seek a relationship between the values P¤, P¤¤, and P¤¤¤

such that the piecewise linear approximation re� ects the average
behavior of the square-root singularity. To this end, we impose the
following conditions:

1) The integral around the LE should be the same:

2a
p

h2 C h3 C b.h2 C h3/ D 1
2

P¤h1 C 1
2 .P¤ C P¤¤/h2

C 1
2 .P¤¤ C P¤¤¤/h3 (26)

2) The derivative near the LE should be the same:

¡fa=[2.h2 C h3=2/
3
2 ]g D .P¤¤¤ ¡ P¤¤/=h3 (27)

3) The value near the LE should be the same:

a=
p

h2 C b D P¤¤ (28)

After eliminating the unknown constants a and b, we obtain the
following relationship:

®1 P¤ C ®2 P¤¤ C ®3 P¤¤¤ D 0 (29)

where

®1 D
h1 C h2

h2 C h3

®2 D ¡1 ¡ 4.h2 C h3=2/
3
2

h3

³
2

p
h2 C h3

¡ 1
p

h2

´

®3 D
h3

h2 C h3
C 4.h2 C h3=2/

3
2

h3

³
2

p
h2 C h3

¡ 1
p

h2

´

The unit solution P .1/ is obtained by imposing P¤¤ D 1:0.

C. Numerical Results
The computational domain is decomposed into two overlapping

subdomains as shown in Fig. 8. After discretizing the boundary-
valueproblemfor each subdomain,one obtains the systemsof equa-
tions [Ai ]fPi g D fbi g; i D 1; 2. LU factorizationof [Ai ] is performed
for each subdomain.

Fig. 8 Thin airfoil problem:
two overlapping subdomains
decomposition.

Fig. 9 Thin airfoil problem: � nite element structured mesh.

1. Accuracy
The FE mesh used for the present computations is shown in

Fig. 9. We have used quadrilateral four-noded elements and struc-
tured mesh with 2100 nodes.

Figure 10 shows a comparison between results for the dimen-
sionlesspressure Np0=.½0U0a2/ obtainedwith the presentmethodand
those obtained by solving the Possio20 singular integral equation.
An excellent agreement is observed for different Mach numbers.

For the far � eld we use the Green’s theoremto express P in terms
of its value along the airfoil:2

P.Qx/ D
¡i

4
K1 Qx2

Z 1

¡1

1P. Qy1/
H .2/

1 .K1 Qr /

Qr d Qy1 (30)

where Qy D . Qy1; 0/ denotes a point on the airfoil, Qr D jQx ¡ Qyj, and
1P. Qy1/ D 2P. Qy1/ is the pressure jump across the airfoil. Figure 11
presents the directivity,

p
.r /j Np0j=.½0U0a2/, computed using the

pressure values on the outer boundary B. Once again, our results
agree very well with those obtained by employing the integral rep-
resentation (30).

If one is interested in � nding the acoustic pressure beyond the
computational domain, our results can be easily extrapolated.This
is possiblebecause the outer boundary in the Prandtl–Glauert space
is a circle with the following analytical solution for the exterior
Helmholtz problem:

P.µ; Qr / D 1
¼

10X

n D 0

H .2/
n .K1 Qr/

H .2/
n .K1 R/

Z 2¼

0

cosn.µ ¡ µ 0/P.R; µ 0/ dµ 0

(31)

where Qr ¸ R stands here for jQxj.

2. Convergence
The convergenceof the DD iterative scheme is investigatedusing

the residualde� ned as in Sec. V. Figure 12 presents the convergence
rate for two values of the Mach number. First, it can be seen that the
convergencerate is improved by increasingthe overlap.Second, the
convergencerate decreases as the Mach number (and consequently
K1 for k1 � xed) decreases.These observationscon� rm that the con-
vergence rate is in fact determined by the so-called wavelap.21 If
± quanti� es the width of the overlapping region, we take K1± as a
measure of the wavelap.

For our computations the iterationswere stopped when the resid-
ual does notdecayanymore.In practice,onecannotneed to decrease
the residual by 10 orders of magnitude, and the iterations can be
stopped earlier. An acceleration method, such as GMRES, can be
used with the present algorithm as a preconditionerto signi� cantly
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Fig. 10 Dimensionless pressure Åp0 /(½0U0a2 ) on the thin airfoil subject
to a transverse gust.

enhance the convergence rate. Such a technique is currently under
implementation.

3. Computation Time and Memory Requirements
The main goal of a DD algorithm is to reduce the computation

time and memory requirements for large-scale systems.
For our numericalexperimentswe have used a direct solver [from

the InternationalMathematical and StatisticalLibrary (IMSL), with
sparse matrix storage and LU factorization] for both the whole do-
main and the subdomains.The memory requirementsare quanti� ed
by the number of nonzerocomplex values to be stored (correspond-
ing to the system matrix and its factorization), and the computing
time corresponds to an IBM-RISC6000 workstation.Of course, the
real amount of memory used is a bit larger, including the overhead
for sparse matrix storage and the working vectors, and the comput-
ing time is larger than the actual CPU time. However, here we are
interested in quantifying the bene� ts of the DD method in compar-
ison with the single-domain approach.

Table 2 presents the computing time and number of nonzeros ob-
tainedforourproblem,with the mesh fromFig. 9. The DD algorithm
by reducing the size of the matrices substantially reduces both the
assembling and the factorization times. Also, the total number of
nonzeros is reduced to approximately one-half, even if the number
of unknownshas been slightly increasedbecauseof the overlap.The
iteration time, introducedby the DD, can be signi� cantly decreased
by increasing the overlap. Therefore, even when the algorithm is
used for a single-processormachine, just by using the DD with two
subdomains one can reduce to almost one-half both the computing
time and thememory requirements.Whenusinga parallelcomputer,
the subdomain matrices are assembled and factorized concurrently
on different processors.The performances of this DD algorithm on
parallel computers are investigated in Refs. 11 and 12 for a simple
exterior Helmholtz problem.

Fig. 11 Acoustic radiation from a thin airfoil subject to a transverse
gust: polar plot of the directivity

p
(r)j Åp 0 j /(½0U0a2 ).

Fig. 12 Thin airfoil problem: in� uence of the overlap on the conver-
gence rate.
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Table 2 Thin airfoil problem: In� uence of the overlap on computing time and memory
requirements (reduced frequency k1 = 5:0 and Mach number M = 0:5)

Overlap 1 Overlap 2 Overlap 3

Parameter One domain Ä1 Ä2 Ä1 Ä2 Ä1 Ä2

Nodes 2,100 1,140 1,080 1,200 1,080 1,260 1,080
Matrix nonzeros 21,181 9,605 12,276 10,129 12,276 10,653 12,276
Assembling time, s 93 23 29 25 29 25 29
Factorization nonzeros 233,703 59,232 70,748 67,195 70,748 68,902 70,748
Factorization time, s 38 10 11 11 11 11 11
Number of iterations 63 37 27
Iteration time, s 27 16 12

VII. Conclusions
This paper presents a domain-based formulation for time-

harmonic radiationand scatteringproblems.The nonre� ecting con-
dition on the outer boundary of the computational domain uses an
exact nonlocal Dirichlet-to-Neumannmap.

A domain-decomposition method is employed to solve the
boundary-valueproblem in the computational domain. On the arti-
� cial subdomain interfaces we introduce impedance-like transmis-
sion conditions to ensure subdomain solution uniqueness. The DD
iterative scheme employs an explicit implementation of the
Dirichlet-to-Neumannmap. The subdomain problems are indepen-
dent and can be solved concurrentlyon a parallel computer.

Each subdomain problem is discretized with � nite elements.
The computation of the normal derivatives on the subdomain in-
terfaces is avoided by using a subdomain overlap, which is par-
ticularly advantageous when saw-tooth interfaces are obtained
as a result of unstructured mesh partitioning. Updating the in-
terface conditions involves only swapping the interface nodal
values between adjacent subdomains, therefore minimizing the
communication between processors when parallel computing is
used.

For a model problem corresponding to a radiating monopole, we
presentan overlappingDD on unstructuredmeshes.The accuracyof
the numericalsolutionis investigatedin comparisonwith the analyt-
ical solution,and the importanceof correct nonre� ecting conditions
on the outer boundary is emphasized. We present the in� uence of
the numberof subdomainson the convergencerate, as well as on the
memory requirements.It is shown that when solving the subdomain
problems on a parallel computer the required processor memory is
signi� cantly smaller than the global direct solver memory divided
by the number of processors.

The DD algorithm is then applied to a model aeroacoustic prob-
lem, corresponding to a thin airfoil in a transverse gust. We formu-
late the boundary-valueproblem for the unsteady pressure to avoid
the velocity discontinuityacross the wake and use the Dirichlet-to-
Neumannmap as a nonre� ecting conditionon the outer boundary.A
two subdomaindecompositionis used on a structuredmesh, and the
effect of the overlap on the iterative scheme performance is inves-
tigated. It is shown that by increasing the overlap the convergence
rate can be signi� cantly improved. The memory requirements and
the computation time are substantially reduced compared to a di-
rect global solver, making the present algorithm suitable for both
single-processorand parallel computers.
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